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Introduction to 3D reconstruction.

Computer vision and 3D reconstruction.

Computer vision: images�! decisions.
Some uses of 3D reconstruction include:

1 Robotics.

2 Image stitching.

3 Synthetic views.
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Introduction to 3D reconstruction.

Projective reconstruction

There is a procedure that allows us to obtain a reconstruction of a
scene from images but this reconstruction di�ers from the real
scene by an homography.
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Introduction to 3D reconstruction.

Projective reconstruction

From this

Figure: Two images of a 3D scene.
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Introduction to 3D reconstruction.

Projective reconstruction

we get

Figure: Two views of a projective reconstruction obtained from the
previous scene.
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Introduction to 3D reconstruction.

Projective reconstruction

but we want

Figure: Two views of a Euclidean reconstruction.
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Introduction to 3D reconstruction.

Camera model.

De�nition

A camerais a linear mapping betweenP3 and P2 of the form

P= [ Mj m]

whereMis a 3� 3 real matrix of full rank andm is a vector inR3.
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Introduction to 3D reconstruction.

Camera model.

Theorem

A n � n real matrixA can be decomposed as

A= RQ

whereRand Qare both n� n matrices with the former being upper
triangular and the latter being orthogonal.

This decomposition is known as RQ factorization and it is a
standard tool in numerical linear algebra.
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Introduction to 3D reconstruction.

Camera model.

DecomposingMas a product ofK and R(respectively
upper-triangular and orthogonal) leads us to

P= [ Mj m] = [ KRj m]

Cameras withK invertible are referred to as�nite projective
camerasand those with a singularK are calledgeneral projective
cameras.
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Camera model.

In the case of a �nite projective camera, we can write
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Introduction to 3D reconstruction.

Camera model.

P= K[Rj t ]

Rand t depend on camera position.

K depends only on the physics of the camera.
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 1

In a Euclidean reference frame, the absolute conic 
1 is the set of
points of the formx = ( x; y; z; w)T that simultaneously satisfy the
following equations

�
x2 + y2 + z2 = 0

w = 0
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The absolute conic and its dual quadric.

Properties of the absolute conic

Proposition

The absolute conic
 1 is �xed under an homographyH if and only
if H is a similarity transformation.
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The absolute conic and its dual quadric.

Properties of the absolute conic

Some observations:

1 In general, each point in the absolute conic doesn't remain
�xed by similarities but the conic does.

2 All spheres intersect the plane at in�nity in the absolute conic.

3 Circles intersect the absolute conic in two points.
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The absolute conic and its dual quadric.

Orthogonality as a projective invariant

We can regard two orthogonal directionsd1 and d2 as being
conjugate points with respect to 
1 .
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Figure: Orthogonality as conjugacy with respect to the absolute conic.
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The absolute conic and its dual quadric.

Orthogonality as a projective invariant

In our case,d1 and d2 are points at the plane at in�nity that satisfy

dT
1 
 1 d2 = 0

d1 lies in the polar line tod2 with respect to 
 1 .
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The absolute conic and its dual quadric.

Orthogonality as a projective invariant

This amounts to stating that orthogonality can be interpreted as a
projective invariant if the plane at in�nity and the absolute conic
are known.
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The absolute conic and its dual quadric.

The absolute dual quadric.

Q�
1

Figure: The dual of the absolute conic is a degenerate quadric envelope
of planes.
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The absolute conic and its dual quadric.

Properties of the absolute dual quadric

Proposition

The null space of the matrixQ�
1 is 1-dimensional and any of its

generators gives the homogeneous coordinates of� 1 .
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The absolute conic and its dual quadric.

Properties of the absolute dual quadric

Proposition

Two planes� 1 and � 2 in P3 are orthogonal if

� 1
T Q�

1 � 2 = 0
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The absolute conic and its dual quadric.

Euclidean upgrading.

Once the matrix representation ofQ�
1 is estimated by some means,

then it can be factored using the eigenvalue decomposition as

Q�
1 = H(Q�

1 )euc HT

where (Q�
1 )euc = diag(1; 1; 1; 0).
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The absolute conic and its dual quadric.

Euclidean upgrading.

Once the matrix representation ofQ�
1 is estimated by some means,

then it can be factored using the eigenvalue decomposition as

Q�
1 = H(Q�

1 )euc HT

where (Q�
1 )euc = diag(1; 1; 1; 0).

This leads us to a rectifying homography for a projective
calibration.
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The absolute quadratic complex.

�

The absolute quadratic complex(abbreviated AQC) is another
geometric object that is equivalent to the absolute conic.



Camera calibration.

The absolute quadratic complex.

While the absolute dual quadric was de�ned by the tangent planes
to the absolute conic, the absolute quadratic complex is de�ned by
the lines intersecting the absolute conic and shares with the
absolute dual quadric its ease of use from a computational
standpoint.
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Camera calibration.

The absolute quadratic complex.

There are two main advantages of the AQC:

1 cameras with square pixels already give us a constraint on the
absolute conic

2 knowledge of orthogonal lines in the original scene can be
exploited in order to recover the absolute quadratic complex
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The absolute quadratic complex.

The AQC is de�ned by lines inP3 but we need some tools to work
easily with them. Pl•ucker coordinates turn out to be the right
framework in which to work with lines inP3 .
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The absolute quadratic complex.

Pl•ucker coordinates.

In Pl•ucker coordinates, a line can be de�ned in terms of points p
and q or in terms of planes� and � by the exterior product

p ^ q � (m34; m14; m24; m31; m23; m12)T

� ^ � � (m12; m23; m31; m24; m14; m34)T

wheremij = pi qj � pj qi or mij = � i � j � � j � i .
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The absolute quadratic complex.

Pl•ucker coordinates.

Consequently, lines inP3 can be represented by points inP5 but
the converse is not true in general.
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Pl•ucker coordinates.

Lines are decomposable tensors and this implies that there's a
quadratic condition that a point̀ 2 P5 must satisfy to represent a
line in P3

` T 
 ` = 0
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The absolute quadratic complex.

Pl•ucker coordinates.

Lines are decomposable tensors and this implies that there's a
quadratic condition that a point̀ 2 P5 must satisfy to represent a
line in P3

` T 
 ` = 0

The quadric 
 receives the name ofKlein quadric.
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A change of coordinatesu0 = Hu in P3 induces a change of
coordinates̀ 0 = eH̀ in P5.
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Camera calibration.

The absolute quadratic complex.

Changes of coordinates.

A change of coordinatesu0 = Hu in P3 induces a change of
coordinates̀ 0 = eH̀ in P5.
The expression ofeHcan be obtained from that ofH.
The induced homographyeH leaves 
 invariant.
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The absolute quadratic complex.

Isotropic lines.

Isotropic lines are lines secant to the absolute conic.
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The absolute quadratic complex.

Isotropic lines.

It can be proven that isotropic lines must satisfy a quadratic
constraint and, consequently, they belong to the intersection of the
Klein quadric and another quadric which we call the absolute
quadratic complex

` T � ` = 0
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The absolute quadratic complex.

The absolute quadratic complex in Euclidean coordinates.

In a Euclidean reference frame, the plane at in�nity is
� 1 = (0 ; 0; 0; 1)T and a line` = ( l1; : : : ; l6)T 2 P5 intersects it at
the point given by
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The absolute quadratic complex.

The absolute quadratic complex in Euclidean coordinates.

In a Euclidean reference frame, the plane at in�nity is
� 1 = (0 ; 0; 0; 1)T and a line` = ( l1; : : : ; l6)T 2 P5 intersects it at
the point given by
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That means that the direction of an arbitrary linè is the vector
d = ( l2; l3; l1)T.
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The absolute quadratic complex.

The absolute quadratic complex in Euclidean coordinates.

If we impose that this point has to be in 
1 then it must satisfy
l2
1 + l2

2 + l2
3 = 0 which can be also stated as

` T � euc ` = 0

where

� euc =
�

I 3� 3 03� 3

03� 3 03� 3

�
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The absolute quadratic complex.

Euclidean geometry via the absolute quadratic complex.

Once we have � in an arbitrary reference frame we can obtain an
homographyeH that transforms the AQC from Euclidean
coordinates to the actual coordinates

� = eHT � euc eH
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The absolute quadratic complex.

Euclidean geometry via the absolute quadratic complex.

Once we have � in an arbitrary reference frame we can obtain an
homographyeH that transforms the AQC from Euclidean
coordinates to the actual coordinates

� = eHT � euc eH

and fromeHobtain a rectifying homographyH in P3
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The quadric of segments.

C

It is not uncommon to know the distance ratios of several
segments appearing in the original scene.

This information can be used to recover a geometric entity known
as thequadric of segmentswhich will allow us to obtain a
rectifying homography.
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The quadric of segments.

Let d 2 R� 0 and X = ( x1; : : : ; xn)T, Y = ( y1; : : : ; yn)T 2 Cn.
Consider the equation of a sphere of radiusd centered at a pointY

(X � Y)T(X � Y) =
nX

i =1

(Xi � Yi )
2 = d2

Note that the segments of lengthd having coordinates inR are
among the roots of this equation.
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The quadric of segments.

Choosingx0 = 0 as the equation for the hyperplane at in�nity in
Pn and homogenizing this equation (Xi = xi

x0
; Yi = yi

y0
), we get

nX

i =1

(xi y0 � yi x0)2 � d2x0
2y0

2 = 0

We will denote byVd the algebraic variety de�ned inPn � Pn by
the previous equation.
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Theorem
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The quadric of segments.

Theorem

Let d 2 R� 0 and let Hbe an homography inPn. Then, H is an
isometry if and only if it leavesVd invariant.
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The quadric of segments.

This means that �ndingVd is equivalent to endowingPn with
Euclidean geometry.
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The quadric of segments.

Geometric representation of segments.

Recall that an unordered pair of pointsf u; vg � Pn is a degenerate
quadric
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The quadric of segments.

Geometric representation of segments.

containing the planes through one of the points or the other.
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The quadric of segments.

Geometric representation of segments.

Its dual quadric has a matrix representation of the form

S= S(u; v) = uvT + vuT

with the entries ofS beingSij = xi yj + yi xj for each
i ; j 2 f 0; : : : ; ng.
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The quadric of segments.

Geometric representation of segments.

Theorem

Let x and y be points inPn. There's a bijection between the set of
unordered point pairsf x; yg and the set of symmetric matricesS
of ranks� 2 representing linear maps inPn.
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The quadric of segments.

Geometric representation of segments.

We can write the equation of the varietyVd in terms of the entries
of S(x; y) = ( xi yj + yi xj )

n
i ;j =1 = ( zij )

n
i ;j =1 as

nX

i =1

�
z2

i0 � z00zii
�

�
d2

4
z2

00
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The quadric of segments.

Segments as points in a projective space.

We will associate an unordered segment inPn to a point in PN via
a map

� : Pn � Pn �! PN

(x; y) 7! � (x; y)

whereN = (n+1)( n+2)
2 � 1.
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The quadric of segments.

Segments as points in a projective space.

We will associate an unordered segment inPn to a point in PN via
a map

� : Pn � Pn �! PN

(x; y) 7! � (x; y)

whereN = (n+1)( n+2)
2 � 1.

However, not every point inPN will correspond to a segment.
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The quadric of segments.

Segments as points in a projective space.

This will allow us to write the equation ofVd ,

nX

i =1

�
z2

i0 � z00zii
�

�
d2

4
z2

00
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The quadric of segments.

Segments as points in a projective space.

This will allow us to write the equation ofVd ,

nX

i =1

�
z2

i0 � z00zii
�

�
d2

4
z2

00

as
sT Cs



Camera calibration.

The quadric of segments.

Segments as points in a projective space.

Thus, Vd can be regarded as a quadric inPN and it is known as
the quadric of segments.
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The quadric of segments.

Changes of coordinates.

An homographyH in Pn such that x0 = Hx induces an homography
bH in PN de�ned by

s0 = bHs
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The quadric of segments.

Changes of coordinates.

An homographyH in Pn such that x0 = Hx induces an homography
bH in PN de�ned by

s0 = bHs

It can be proved that the expression forbHcan be obtained from
that of H.
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The quadric of segments.

Euclidean geometry via the quadric of segments

Let us go back to the equation ofVd

nX

i =1

(xi y0 � yi x0)2 � d2x0
2y0

2 = 0
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The quadric of segments.

Euclidean geometry via the quadric of segments

In a Euclidean coordinate frame, if we focus our attention in the
last term of the sum

� d2x0
2y0

2 = 0
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The quadric of segments.

Euclidean geometry via the quadric of segments

In a Euclidean coordinate frame, if we focus our attention in the
last term of the sum

� d2x0
2y0

2 = 0

we have the equation of the plane at in�nity.
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Euclidean geometry via the quadric of segments
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nX
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Camera calibration.

The quadric of segments.

Euclidean geometry via the quadric of segments

If instead we consider the term

nX

i =1

(xi y0 � yi x0)2 =
nX

i =1

m2
i0
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The quadric of segments.

Euclidean geometry via the quadric of segments

If instead we consider the term

nX

i =1

(xi y0 � yi x0)2 =
nX

i =1

m2
i0 = ( x ^ y)T � euc (x ^ y)
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The quadric of segments.

Euclidean geometry via the quadric of segments

If instead we consider the term

nX

i =1

(xi y0 � yi x0)2 =
nX

i =1

m2
i0 = ( x ^ y)T � euc (x ^ y)

we recover the AQC.
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Q & A

Questions?
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